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Optimization theories explain a variety of forms and functions in plants. At the leaf scale, it is often hypoth-
esized that carbon gain is maximized, thus providing a quantifiable objective for a mathematical definition
of optimality conditions. Eco-physiological trade-offs and limited resource availability introduce natural
bounds to this optimization process. In particular, carbon uptake from the atmosphere is inherently linked
to water losses from the soil as water is taken up by roots and evaporated. Hence, water availability in soils
constrains the amount of carbon that can be taken up and assimilated into new biomass. The problem of
maximizing photosynthesis at a given water availability by modifying stomatal conductance, the plant-
controlled variable to be optimized, has been traditionally formulated for short time intervals over which
soil moisture changes can be neglected. This simplification led to a mathematically open solution, where
the undefined Lagrange multiplier of the optimization (equivalent to the marginal water use efficiency,
k) is then heuristically determined via data fitting. Here, a set of models based on different assumptions that
account for soil moisture dynamics over an individual dry-down are proposed so as to provide closed ana-
lytical expressions for the carbon gain maximization problem. These novel solutions link the observed var-
iability in k over time, across soil moisture changes, and at different atmospheric CO2 concentrations to
water use strategies ranging from intensive, in which all soil water is consumed by the end of the dry-down
period, to more conservative, in which water stress is avoided by reducing transpiration.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction these difficulties, optimality approaches may complement pro-
The dynamics of biological systems, from cells to communities
and ecosystems, have been hypothesized to follow optimal trajec-
tories shaped by selection pressure that force organisms to maxi-
mize their fitness and reproductive success [1]. This concept has
been particularly successful in explaining the form and function
of terrestrial vegetation from ecohydrological and carbon-economy
perspectives, and across spatial and temporal scales [2–15]. Any
optimality model is based on three key ingredients: an objective
function that describes the gain that needs to be maximized or loss
to be minimized, a control variable that shifts the dynamics in the
desired direction, and a set of constraints that account for environ-
mental conditions and conservation laws bounding the system
[16]. All three ingredients are difficult to define and quantify –
especially in complex biological and ecological systems. Despite
cess-based approaches when mechanistic knowledge is scarce.
With regards to the definition of a proper objective function,

thermodynamic considerations suggest that thermodynamic fluxes
and entropy production should be extremized [8,17–21]. As a con-
sequence of this maximization principle, hydrological fluxes
through the soil–plant–atmosphere continuum should also be
maximized [22–24]. From an ecological perspective, it has been ar-
gued that plants maximize their growth rate [25], which is linked
to reproductive capacity [26]. Accordingly, a number of theories
are based on the assumption that the plants aim at maximum car-
bon (C) uptake and growth (subject to constraints) over a given
period [8,13,14,27–29]. Within the context of coupled hydro-
logic-biogeochemical models, the maximization of net carbon gain
can be achieved by maximizing carbon uptake by leaves [4,30,31] –
a key premise to the results presented here.

To be effective, the control variable of the optimization problem
should be able to impose the optimal ‘decisions’ over key elements
of plant functioning. Hence, the choice of the control variable
depends on the time scale of interest and the most important
tradeoffs the plant faces at that particular scale. Here, the focus
is on time scales commensurate with the inter-storm period that
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Fig. 1. Time trajectories of (A) stomatal conductance (gopt), (B) Lagrange multiplier
ðkÞ, and C) plant-available soil moisture (x) when stomatal conductance is
optimized to achieve maximum carbon gain (plus a terminal gain) over a dry-
down of known duration, T. Line styles denote different optimization approaches:
constant and linear uncontrolled losses (c = 0 and c = 1 in Eq. (15)) for a set terminal
state, x(T) = 0 (dotted and solid curves, respectively), and linear uncontrolled losses
with free terminal state (dashed curves). In all panels, T = 20 days,
D = 0.015 mol mol�1, ca = 350 lmol mol�1, k = 0.05 mol m�2 s�1, r = 0,
c = 10 mm d�1, Zr = 0.3 m, n = 0.5, and K = 170 � Tday lmol m�2.
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varies between days or several weeks, depending on the climatic
regime. Also, the deterministic dynamics of an individual dry-
down are first considered, as a first step towards a more general
stochastic framework to be developed in a separate contribution
in which the inter-storm period and rainfall amounts are random.
Stomatal movements occur at much shorter time scales, allowing a
fine-scale regulation of CO2 and water vapor exchanges [32,33].
Therefore, stomatal conductance can be considered an effective
control variable [31,34], as also pointed out in a seminal paper
by van den Honert, ‘‘It is clear that the regulators of the water
transport, the stomata, are inserted in the gaseous part, where they
control the master-process by varying the diffusion resistance.
Regulators could be nowhere else.’’ [35, p. 152]. Despite other reg-
ulators are employed at these time scales, including aquaporins
[36] and leaf xylem tissues, which are allowed to partially cavitate,
thus acting as an ‘hydraulic fuse’ [37,38], stomata remain among of
the main water loss control points. Changes in leaf nitrogen con-
centration affecting the biochemical machinery [13,39], stomatal
size and density [40,41], and plant allocation patterns [11,42] can
also be used to regulate C gains and water losses, but at time scales
that are much longer than an individual dry-down considered here.

Stomatal regulation is constrained by the basic condition that the
amount of water available in the root zone is finite and that such
water store decreases at a rate that is directly proportional to stoma-
tal aperture [43,44]. Therefore, opening stomata to allow carbon up-
take intrinsically causes water depletion, increasing the likelihood
of water stress (either in form of reduced hydraulic functionality,
or as metabolic limitations to photosynthesis) and thus shortening
the duration of the photosynthetically-active period. This tradeoff
between carbon uptake and water consumption, its mathematical
formulation, and consequences on plant functioning and the soil
water balance, frames the scope of this contribution.

The addition of a constraint in the optimization problem can be
mathematically achieved by introducing a Lagrange multiplier (or
co-state variable), here denoted by k (see Section 2), which directly
affects the control variable. This additional variable is in general
time-dependent and can be computed if the conditions at the
boundaries of the problem are known [16]. In the case of stomatal
control, such boundaries are defined by the initial and final water
availability during the period considered [43]. In most previous
studies on stomatal optimization, the function kðtÞ has been trea-
ted as an unknown, often constant multiplier estimated as a fitting
parameter [40,45–48]. Models accounting for variations in k gener-
ally assume that it may change as a function of water availability
through empirical formulations that are de-coupled from the opti-
mization problem [49–53], even though the function kðtÞ should be
part of the optimization procedure (as illustrated by the time tra-
jectories in Fig. 1). Here, changes in k through time and as a func-
tion of environmental conditions are explicitly included by means
of a sequence of minimal plant models. Understanding the theoret-
ical underpinning of changes in k and stomatal conductance might
provide models of canopy and ecosystem gas exchanges with com-
pact formulations that capture plant effects on these exchanges.

The paper is organized as follows: the optimization problem is
first formulated in the most general terms highlighting the role of a
dynamic k, the constraints, and the boundary conditions (Sec-
tion 2). Next, a sequence of optimization models is developed by
exploring the role of different terms in the objective function and
formulation of water availability constraints (Section 3). For each
model, the optimal solutions are compared with previous theoret-
ical and empirical results.

2. Theory

The general theory of optimal control of plant gas exchange un-
der variable soil water conditions is presented in Section 2.1 and
the constitutive equations for the water fluxes are discussed in
Sections 2.2–2.4. All symbols are listed and defined in Table 1. It
is also important to emphasize that in this derivation, plants are
assumed to control g directly, while in reality the stomatal aper-
ture is being regulated (Appendix A shows that the optimality
solutions are not affected by this assumption).

2.1. A general formulation for the optimization of carbon uptake by
plants

The following optimization assumes that plants maximize their
C uptake (A) over a period T, plus an additional C gain at the end of
such period that depends on the final soil moisture status and ac-
counts for long-term water stress damage. This assumption can be
formalized by the objective function J,

J ¼
Z T

0
A½gðtÞ; xðtÞ; t�dt þ JT ; ð1Þ



Table 1
Definition of symbols used in the main text (other parameters are defined in the Appendices). Subscripts ‘0’ and ‘b’ respectively refer to initial conditions and soil moisture-limited
variables; superscript ‘⁄’ indicates the transition point between free stomatal control and soil moisture-limited regime.

Symbol Definition Units

a Ratio of water vapor to CO2 diffusivity, a = 1.6 –
A Photosynthetic rate lmol m�2 s�1

a Combination of parameters, a ¼ maðnZrÞ�1 m2 s mol�1 d�1

b Combination of parameters, b ¼ cðnZrÞ�1 d�1

c Exponent of the water loss function –
ci Internal CO2 concentration lmol mol�1

ca Atmospheric CO2 concentration lmol mol�1

C Inequality constraint, Cðg; xÞ ¼ g � gbðxÞ 6 0 mol m�2 s�1

c Parameter of the water loss function m d�1

D Vapor pressure deficit mol mol�1

E Transpiration rate m d�1

ESR Soil-moisture limited water supply to the roots m d�1

f Right hand side of the soil moisture balance equation, f ¼ �ðEþ LÞ=ðnZrÞ d�1

g Stomatal conductance to CO2 mol m�2 s�1

ga Atmospheric conductance to CO2 mol m�2 s�1

gb Soil moisture-limited stomatal conductance, gb ¼ j xb=ðaDÞ mol m�2 s�1

gopt Optimal stomatal conductance to CO2 mol m�2 s�1

H Hamiltonian of the optimization, H ¼ Aþ kf lmol m�2 s�1

H Augmented Hamiltonian for the soil moisture-limited regime, H ¼ H þ l C lmol m�2 s�1

J Objective function (net carbon gain) lmol m�2

JT Terminal carbon gain, JT ¼ Kx lmol m�2

k Carboxylation efficiency mol m�2 s�1

j Combination of parameters, j ¼ kSRðnZrÞ�1 d�1

kSR Proportionality constant for the soil-root water supply rate m d�1

L Water losses not controlled by plants (runoff and leakage below the rooting zone) m d�1

LAI Leaf area index m2 m�2

k, k0, k� Lagrange multiplier of the optimization lmol d m�2 s�1 or mmol mol�1

K Proportionality constant for the terminal C gain lmol m�2

Mw Molar mass of water, Mw = 0.018 kg mol�1

l Lagrange multiplier for the soil moisture-limited regime –
n Soil porosity m3 m�3

m Unit conversion factor, m ¼ LAITdayMw=qw m3 s mol�1 d�1

t, t⁄ Time d
T Time interval d
Tday Day length in seconds s d�1

r Respiration rate lmol m�2 s�1

R Rainfall input m d�1

qw Density of liquid water, qw ¼ 103 kg m�3

x; x0; x� Plant-available relative volumetric soil moisture –
v Fraction of initial soil moisture –
ZR Rooting depth m
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where JT represents the C gain at the end of the time period T (there-
after referred to as terminal gain). The net C uptake, A, is expressed
as a function of stomatal conductance to CO2, g(t), plant-available
soil moisture averaged over the rooting depth, x(t), and time
(t 2 [0, T]). For notational simplicity, the relative soil moisture is
normalized by the fraction of plant-available soil water (i.e., be-
tween the wilting point and saturation), so that the variable x(t)
varies between 0 and 1. Separating the effects of these three sources
of variation in photosynthesis allows disentangling purely diffusive
limitations due to g(t) [32], metabolic limitations at low x(t) [54],
and time-varying environmental conditions (e.g., photosyntheti-
cally-active radiation and vapor pressure deficit fluctuations).

At the end of the dry-down period, plants experience the most
stressing conditions, which may involve physiological C costs to re-
pair damaged tissues and restore functionality. The terminal gain JT

accounts for these long-term consequences of water stress events.
The rationale behind this contribution is that plants have to spend
resources to repair the damages caused by a prolonged water
stress period (e.g., refilling of embolized tissues; re-growth of dam-
aged leaves and branches). Such costs can be avoided by closing
stomata, so that at the end of the dry-down period enough water
remains available to prevent damage. Hence, JT represents the
amount of C that can be ‘saved’ by avoiding low soil moisture val-
ues and hence limiting these costs. As discussed in the following,
the value of JT affects the shape of the optimal trajectories, as JT
shifts the relative importance of C uptake vs. water conservation.
Thus, JT encodes the long-term water-use strategy of the plant,
with lower values of JT indicating more intense soil water depletion
associated with aggressive water use strategies. Conversely, higher
values of JT are associated with conservative water use strategies.

The amount of water available for plant uptake and transpira-
tion is constrained by the water balance in the rooting zone, which
represents the ‘dynamic resource constraint’ of this optimization
problem. For analytical tractability, a lumped approach is em-
ployed where the vertically-averaged plant-available soil moisture
is considered and the fluxes are interpreted as whole canopy ex-
changes with the atmosphere. The mass balance equation for soil
moisture can be expressed as [5,43]

nZr
dx
dt
¼ RðtÞ � E½gðtÞ; t� � L½xðtÞ; t�; ð2Þ

where R(t) is the rainfall input, n is the soil porosity, Zr is the mean
rooting depth, E is the transpiration from the plant canopy, and L in-
cludes leakage and other water losses that cannot be directly con-
trolled by plants. The initial value of soil moisture is assumed to
be known and is denoted by x(0) = x0. The focus here is on a period
without rain (R = 0) during which the water loss function
f = �(E + L)/(nZr) is defined, and Eq. (2) can be expressed as dx(t)/
dt = f[g(t), x(t), t].
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2.1.1. Free stomatal control of transpiration
Based on Eqs. (1) and (2), the goal is to derive the time trajec-

tory of g(t) that maximizes J. To solve this optimal control problem,
the so-called Hamiltonian is constructed, along with the necessary
conditions for optimality [16,55]. These conditions rest on the
assumption that all the functions involved are differentiable. Dis-
continuities such as transitions between free stomatal control
and soil moisture-limited transpiration need to be treated as added
constraints (Section 2.1.2). When the stomatal conductance is not
bound by soil moisture limitations, the Hamiltonian is given by
the sum of the integrand of Eq. (1) and the right hand side of Eq.
(2), multiplied by the Lagrange multiplier kðtÞ,

H½gðtÞ; xðtÞ; t� ¼ A½gðtÞ; xðtÞ; t� þ kðtÞf ½gðtÞ; xðtÞ; t�; ð3Þ

where kðtÞ is only a function of time and due to the different units of
A and f, it is expressed in lmol d m�2 s�1. To convert k to conven-
tional units of mmol mol�1, a multiplying factor m/(103nZr) is
needed, where m = LAITdayMw/qw (see Table 1 for symbol defini-
tions). Also, note that k is defined as the inverse of the multiplier
(with the same symbol) adopted by Cowan and Farquhar [30].
The necessary conditions for optimum g(t) are found as (dropping
the functional dependencies for notational simplicity)

@H
@g
¼ @A
@g
þ k

@f
@g
¼ 0; ð4Þ

dk
dt
¼ � @H

@x
: ð5Þ

For given functional relations between photosynthesis and stomatal
conductance (Section 2.2), and between the water loss function and
stomatal conductance (Section 2.3), Eq. (4) becomes an algebraic
equation that provides a link between the control variable and the La-
grange multiplier. Eq. (5) is instead the differential equation regulat-
ing the temporal changes of k, with an initial condition k0 that
depends on the specific formulation chosen (as discussed in Sec-
tion 3.1) [16]. Furthermore, Eq. (4) allows us to interpret the Lagrange
multiplier as the marginal water use efficiency, k ¼ @A=@gð@E=@gÞ�1,
when the only effect of stomatal conductance on the loss function f is
through transpiration. Eqs. (2), (4) and (5) represent a system of alge-
braic-differential equations that fully define the optimal trajectory of
stomatal conductance. Again, the function kðtÞ is determined by Eq.
(5), and should not be considered as an ‘external’ parameter, but
rather a result of the optimization (Fig. 1).

2.1.2. Soil moisture-limited transpiration
If stomatal conductance is not entirely free, but it is limited by

water supply from the bulk soil to the roots, the optimal trajectories
need to account for this additional constraint. We denote this ‘soil
moisture-limited’ stomatal conductance by gb(x), where the subscript
‘b’ indicates that the control variable lies on a boundary of its domain,
as opposed to be completely free (subscript ‘opt’). The resulting mixed
inequality constraint (involving both control and state variable) can
be formulated as g 6 gbðxÞ, or Cðg; xÞ ¼ g � gbðxÞ 6 0. To proceed in
the solution, an ‘augmented Hamiltonian’ is introduced (details on
this approach are presented in, e.g., [55]),

H½gðtÞ; xðtÞ; t� ¼ H½gðtÞ; xðtÞ; t� þ l½xðtÞ; kðtÞ�C½gðtÞ; xðtÞ�; ð6Þ

where H is defined by Eq. (3) and l is an additional Lagrange mul-
tiplier, which can be computed by imposing the condition oH/og = 0
(for convenience, we drop the time dependencies),

lðx; kÞ ¼ � @H
@g

@C
@g

� ��1
�����
g¼gbðxÞ

ð7Þ

if stomatal conductance is constrained, and l = 0 otherwise. When
the stomatal conductance is limited by soil moisture, the Lagrange
multiplier k departs from the trajectory described by Eq. (5) and can
be obtained from,

dk
dt
¼ � @H

@x
: ð8Þ

Notably, under this soil moisture-limited regime, k does not satisfy
Eq. (4) in the whole temporal domain and therefore cannot be inter-
preted as marginal water use efficiency, as in the unconstrained
case.

2.2. Stomatal control of transpiration and photosynthesis

The solution of both the unconstrained and the soil moisture-
limited problems depends on how photosynthesis (A), transpira-
tion (E), the water loss term (L), and the final gain (JT) are specified.
Both transpiration and photosynthesis depend on the control var-
iable g, interpreted as a canopy-averaged stomatal conductance.
The water vapor flux between the stomatal cavity (assumed satu-
rated at the leaf temperature) and the atmosphere can be de-
scribed through a series of conductances (stomatal, g, and
aerodynamic, ga) linking water vapor concentration in the stomatal
cavity and in the atmosphere via,

E ¼ m
ag ga

g þ ga
D � magD; ð9Þ

where D is the difference between the concentrations of water va-
por at saturation (in the stomatal cavity) and in the bulk atmo-
sphere, a = 1.6 is the ratio of the diffusivities of water vapor and
CO2, and m converts units typically used for stomatal conductance
(mol m�2 leaf s�1) to units consistent with the water balance in
Eq. (2) (i.e., m3 m�2 ground d�1). For simplicity, it is assumed that
the canopy is well-coupled with the atmosphere (e.g., as in the case
of sparse canopies, for species with small leaves, or for high mean
wind conditions), so that g � ga and E � magD.

The function A[g(t), x(t), t] in Eq. (1) embeds the effects of both
g(t) and the moisture availability, x(t), on the objective function.
Hence, the specific shape and nonlinearity of A[g(t), x(t), t] affects
the optimal solution. A derivation of this relation is reported in
Appendix B and only the main result is presented. We assume that
photosynthesis is proportional to the CO2 concentration inside the
stomatal cavity, ci [56–58] and that CO2 transport across the sto-
mata is driven by diffusion, in analogy to Eq. (9). Combining the
equations representing CO2 diffusion and photosynthetic rate
(Eqs. (34) and (35)), neglecting respiration, and eliminating ci

yields the relation between A and g that is needed to formulate
the optimization problem [47,56,59],

A ¼ g cak
g þ k

; ð10Þ

where k is the carboxylation efficiency (assumed independent of x)
and ca is the atmospheric CO2 concentration. Thus, with these
assumptions, direct soil moisture effects on A (e.g., metabolic limi-
tations) are neglected.

2.3. Deep percolation and transpiration by competing plants

Leakage losses, soil water evaporation, and transpiration by
competing plants depend on soil moisture in complex ways, which
could be partly captured by expressing the water loss function L in
the balance Eq. (2) as a nonlinear function of soil moisture [5]. The
simplest approach is to assume that these ‘uncontrolled’ losses
vary as

L½xðtÞ� ¼ c xðtÞc; ð11Þ

where the parameter c describes the degree of dependence of such
losses on soil moisture. For analytical tractability, the analyses are



94 S. Manzoni et al. / Advances in Water Resources 62 (2013) 90–105
confined to the cases of c = 0, representing uncontrolled water
losses that are independent of soil moisture, or c = 1 when such
losses are simply proportional to soil moisture. These values of
the exponent c are chosen to allow analytical tractability, but the
nonlinear increase in water losses with increasing x when the soil
is close to saturation is neglected [5]. Nevertheless, below the soil
field capacity (as in the case studies considered here) and without
more detailed information, this linearized formulation may approx-
imate water losses due to compound evaporation and transpiration
by competing plants [60]. Conversely, the value of the empirical
parameter c can be estimated as the saturated hydraulic conductiv-
ity if the uncontrolled losses are mainly due to drainage below the
rooting zone, or as a fraction of the potential evapotranspiration if
uncontrolled losses are due to combined evaporation and transpira-
tion by other competing plants. The parameter c is equal to zero if
transpiration is the only water loss term in the soil moisture bal-
ance (e.g., no competing plants and negligible deep percolation).

2.4. Soil moisture limitations to transpiration

Eq. (9) describes transpiration as fully controlled by stomatal
conductance. However, as soil moisture decreases, water transport
in the soil-root system slows down due to decreasing soil hydraulic
conductivity. Hence, in dry conditions, soil moisture may limit
water supply to the roots, thus constraining transpiration and
hence the variation of the optimal g. This effect is accounted for
by setting an upper bound to transpiration that depends on soil
moisture (ESR), but not on stomatal conductance. This supply-lim-
ited flux is proportional to the soil hydraulic conductivity and also
depends on rooting depth and root area density [61].

To investigate this limitation to transpiration while retaining
analytical tractability, we employ the linear relation,

ESR½xðtÞ� ¼ kSR xðtÞ; ð12Þ

where kSR is a proportionality constant (with units of m d�1). Eq.
(12) neglects two nonlinearities, namely the nonlinear dependences
of hydraulic conductivity (buffered by fine root growth, see [62])
and soil water potential on soil moisture, but it still approximates
the soil moisture limitation mechanism by including the effect of
water availability on soil-to-root water transport. By linearizing
the hydraulic conductivity, Eq. (12) might overestimate ESR at low
x and underestimate it wet conditions, in which, however, stomatal
control is more likely. In contrast, neglecting the effect of soil water
potential on the driving force of ESR (i.e., the water potential differ-
ence between bulk soil and roots) is likely less important, because
pressure drops between components of the soil–plant system tend
to be stable.

Comparing Eqs. (9) and (12), the upper bound for stomatal con-
ductance, gb(x), is obtained,

g 6 gbðxÞ ¼
kSR

maD
xbðtÞ: ð13Þ
2.5. Model parameterization and testing

To test the model, two studies where atmospheric CO2 concen-
tration in the growth environment was manipulated are consid-
ered: the Duke Forest Free Air CO2 Enrichment site (FACE,
located in Durham, NC, USA) and the Lysimeter CO2 Gradient facil-
ity (LYCOG, located in Temple, TX, USA). A detailed description of
experimental setup and environmental conditions can be found
elsewhere [63–65]. We also selected a study reporting gas ex-
change measurements during an extended dry-down period to as-
sess the effect of soil moisture limitations on the optimal solutions
[66]. Here, the details of model parameter estimation are provided
and Table 3 reports all the relevant parameter values.
Gas exchange data for Pinus taeda, the dominant tree species at
the Duke Forest FACE site, and the C3 herb Solidago canadensis and
the C4 grass Sorghastrum nutans from the LYCOG facility were con-
sidered. Carboxylation rates were obtained from published A(ci)
curves [50,64] and assumed constant with respect to ca (Table 3).
Specifically, for the two herbaceous species, nonlinear A(ci) curves
(Eq. (36)) were fitted to the light-saturated gas exchange data to ob-
tain temperature-corrected parameters a1 and a2. Finally, the car-
boxylation rate was estimated as k � a1/(a2 + rca), where r
indicates the long-term ci over ca ratio, and ca was taken to be ambi-
ent atmospheric CO2 concentration (letting ca change in the expres-
sion for k does not significantly alter the results). Temperature
corrections were calculated following Campbell and Norman [67].
The typical daytime vapor pressure deficits at Duke Forest is
D = 0.015 mol mol�1, while at the LYCOG facility VPD during the
measurement period was around D = 0.03 mol mol�1. We selected
this relatively high VPD value assuming it was representative of
mid-summer growth conditions, even though on average VPD is
lower [63]. The leaf area index (LAI) is around 1.5 and 4 for the her-
baceous species and for P. taeda, respectively. Parameter b is esti-
mated by assuming that uncontrolled losses due to competition
with other plants, soil evaporation, and deep percolation are about
half the potential evapotranspiration for the grasses, which were
growing in competition with other species. In contrast, we assume
that uncontrolled losses are 1=4 of the potential evapotranspiration
in the P. taeda monoculture, where only limited competition by
understory species occurs. The time scale for a complete drying
from well-watered conditions was estimated as five times the mean
rainfall inter-arrival time, which for Central Texas is around 5 days
[68], while for Duke Forest it averages about 3 days (hence, T = 25
and 15 days respectively). For all species a mean rooting depth of
0.3 m, a soil porosity of 0.45, and initial soil moisture around the
soil field capacity (here taken as x0 = 0.8) were assumed. Day length
was set to 12 h and a factor of 2/3 was used to reduce the light-sat-
urated photosynthetic rate to approximately account for the daily
light cycle. The numerical values of k for the herbaceous species
have been estimated through linear regression using the relation
linking photosynthesis, the square root of stomatal conductance,
and k [48], whereas k for P. taeda was obtained from published re-
sults employing a similar regression approach [64].

The effect of soil moisture limitations was assessed using data
for Nerium oleander grown in pots in controlled conditions
(D = 0.01 mol mol�1, ca = 300 lmol mol�1) and subjected to a pro-
longed dry-down [66]. Carboxylation capacity was estimated from
reported A-ci data, but because supplemental light was provided it
was not corrected for the daily light cycle. For this study we as-
sumed T = 20 d and Zr = 0.1 m to reflect the limited soil volume
available in the pots; no competition occurred because individual
plants were planted in each pot. No specific information on total
leaf area, plant density, and root development were provided, so
we performed Monte Carlo simulations to estimate confidence
intervals for the optimal solutions that accounted for uncertainty
in LAI and kSR. Parameters were extracted from independent nor-
mal distributions with given mean and standard deviations. We
extracted 1000 values of LAI and kSR, computed the corresponding
initial Lagrange multipliers, and calculated the optimal stomatal
conductance and photosynthesis as a function of soil moisture
for each realization. The obtained percentiles for each soil moisture
bin stabilized above 500 realizations, giving confidence that the
chosen number of extractions was sufficiently large. Using initial
Lagrange multipliers obtained from the Monte Carlo simulation
under growth conditions (D = 0.01 mol mol�1), stomatal conduc-
tance and photosynthesis were also computed for
D = 0.025 mol mol�1 and compared to the observations.

Uncertainties in the parameter estimation approach prevented
us from providing a rigorous validation. However, in all model-data



Table 2
Summary of optimal solutions for different terminal conditions and water loss functions.

Soil moisture
limitation
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state, xðTÞ
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controlled
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Optimal stomatal
conductance, goptðtÞ

Lagrange
multiplier,
kðtÞ

Initial value of the
Lagrange multiplier, k0

Optimal soil moisture, xðtÞ

No soil moisture
limitation;
g is a free control
variable
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Soil moisture-limited
regime; g and x are
constrained
(subscript ‘b’)

0a b P 0,
c ¼ 0

0 gbðxbÞ ¼ kSR
maD xbðtÞ Equation (8) Numerical solution of

xðTÞ ¼ 0
xbðtÞ ¼ b

j ½eðt
��tÞj � 1� þ x�eðt

��tÞjc

v x0
a,d b P 0,

c ¼ 1
0 gbðxbÞ ¼ kSR

maD xbðtÞ Equation (8) Numerical solution of
xðTÞ ¼ v x0

xbðtÞ ¼ x�eðt
��tÞðbþjÞc

a Referred to as intensive water use strategies.
b Referred to as conservative water use strategies.
c The transition time to the soil moisture-limited range, t⁄, is obtained from the condition gopt(t⁄) = gb[x(t⁄)]; the corresponding soil moisture level, x⁄, is computed as

x⁄ = xopt(t⁄). Analytical expressions for t⁄ and x⁄ are not reported for conciseness.
d The exponential form of the constrained soil moisture trajectory does not allow fully depleting soil moisture; hence, a higher soil moisture threshold is introduced and

defined as a fraction v of the initial moisture value.

Table 3
Parameter values for all the species considered. Values in parentheses indicate the standard deviation of the normal distributions employed in the Monte Carlo simulations in
Fig. 8.

Parameter Units Species

S. canadensis S. nutans P. taeda N. oleander

c m d�1 ½Epot ½Epot
1=4Epot 0

D mol mol�1 0.03 0.03 0.015 0.01–0.025a

Epot m d�1 0.006 0.006 0.005 –
k mol m�2 s�1 0.024 0.072 0.051 0.1
kSR m d�1 Not limiting Not limiting Not limiting 0.008 (0.004)
LAI m2 m�2 1.5 1.5 4 2 (0.5)
T d 25 25 15 20
x0 m3 m�3 0.8 0.8 0.8 1
ZR m 0.3 0.3 0.3 0.1

a Vapor pressure deficit respectively during growth (for which the plants is assumed to be optimized) and during a separate set of short-term measurements.
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comparisons the reported data points were not used to calibrate
the model, but were independent observations, thus illustrating
the model potential to capture observed patterns.
3. Results and discussion

In Section 3.1, simplified cases are considered to derive analyt-
ical solutions of the stomatal optimization problem presented in
Section 2.1 (a summary of the analytical solutions is reported in
Table 2). The simplest case of constant soil moisture (and undeter-
mined k) is considered first, followed by cases where soil moisture
is allowed to vary through time (variable k), including different for-
mulations for the uncontrolled water losses and the final gain JT,
and soil moisture limitations on transpiration. Section 3.2 com-
pares the theoretical predictions to observations and generaliza-
tions of the proposed models are discussed in Section 3.3.
3.1. Particular solutions for the optimization problem

3.1.1. Constant soil moisture
If soil moisture variations are small so that they can be ne-

glected over the time interval T (a reasonable approximation when
T is about a day), Eq. (2) reduces to x(t) � x0. Without the dynamic
constraint of Eq. (2), soil moisture does not affect the Hamiltonian,
so that dk=dt ¼ 0 (from Eq. (5)), i.e., k remains constant through
time, denoted by k0. In this case, the only necessary optimality
condition to be fulfilled is provided by Eq. (4), which leads to the
definition of a constant optimal stomatal conductance. Using Eqs.
(9) and (10), the Hamiltonian can be written as (from Eq. (3))

H ¼ g cak
g þ k

� k0
magDþ L

nZr
: ð14Þ

Differentiating H with respect to g and equating to zero (Eq. (4)),
an expression for optimal stomatal conductance as a function of
environmental parameters (D and ca) and the (constant) Lagrange
multiplier (k0) is found as

goptðtÞ ¼ k
ffiffiffiffiffiffiffiffiffiffiffi

ca

aDk0

r
� 1

� �
; ð15Þ

where the constant a = ma(nZr)�1 and the optimal solution is indi-
cated by subscript ‘opt’. Variations of gopt through time are only
caused by changes in the environmental drivers D, ca and light
(assuming light affects the value of k), but are not due to changes
in the Lagrange multiplier.

Eq. (15) and its variants including a nonlinear A(ci) curve and
atmospheric resistance have been derived following different ap-
proaches in numerous publications [30,47,56,57,64,69]. Due to
the lack of a second necessary condition for optimality, however,
Eq. (15) is not mathematically closed, and k0 needs to be estimated
from observed gas exchange rates [45,46]. This optimality solution
has been found to correctly predict observed relationships be-
tween gas-exchange rates and environmental variables when soil
moisture is non-limiting, namely:
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1. The scaling between stomatal conductance and vapor pressure
deficit at a given light availability and moderate D, g / D�1/2

[45,47,57,70];
2. The scaling between photosynthesis and stomatal conductance

for a given atmospheric CO2 concentration, A / g � D1/2, as can
be demonstrated by combining Eqs. (10) and (15) [39,48,71–73].

3. The apparent feed-forward mechanism that implies a negative
sensitivity of transpiration to vapor pressure deficit in dry con-
ditions [47,74]: using Eq. (15), @E=@D / ½ca=ð4ak0Þ�1=2D�1=2 � 1 is
positive for small D, crosses zero at a fixed D ¼ ca=ð4akoÞ, and
becomes negative thereafter.

However, when k0 is held constant, Eq. (15) predicts larger sto-
matal conductance as atmospheric CO2 is increased, contrary to
most observations [75,76] and does not include the effect of soil
moisture on stomatal conductance. This lack of sensitivity led to
empirical ‘corrections’ that modify k0 with atmospheric CO2 con-
centration and soil moisture to match gas exchange data
[53,58,64]. Both CO2 and water limitations as well as the formula-
tions used in these closure models can be addressed by accounting
for soil moisture dynamics in this optimization framework, as de-
scribed next.

3.1.2. Variable soil moisture with intensive water use
The dynamic constraint expressed by the soil water balance (Eq.

(2)) is now explicitly considered with reference to a single pro-
longed dry-down of duration T during which no rain occurs. Soil
moisture is depleted starting from an initial value x0, which will
be assumed close to the field capacity. The dry-down duration is
interpreted as about five times the mean interval between two
rainfall events, representing a hydro-climatic time scale for a com-
plete dry-down of the location under consideration. This determin-
istic value of T was selected to illustrate the optimal trajectories
over a wide range of soil moisture values (generalizations to sto-
chastic rainfall are discussed in Section 3.3.1). For plants that can
be considered intensive water users, it is also assumed that all
the available water is exploited by the end of the dry-down period,
so that x(T) = 0. In this case, a logical assumption is that the objec-
tive of the plant is to maximize the cumulative C uptake during the
interval T (Eq. (1)) with no consideration to the end-condition, i.e.,
the terminal C gain is neglected (this assumption is relaxed in
Section 3.1.4).

Using the simplified gas exchange model in Eqs. (9) and (10)
and Eq. (11), the soil moisture balance equation during a dry-down
becomes

dx
dt
¼ �agD� bxc; ð16Þ

where a = ma(nZr)-1, b = c(nZr)-1, and D represents an average vapor
pressure deficit during the dry period. The Hamiltonian (from Eq.
(3)) is now given by

H ¼ g cak
g þ k

� kðtÞðagDþ bxcÞ; ð17Þ

where ca and k are also interpreted as time-averaged quantities. The
first condition for optimality (Eq. (4)) can be solved to obtain opti-
mal stomatal conductance as a function of the Lagrange multiplier
k,

goptðtÞ ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ca

akðtÞD

r
� 1

� �
; ð18Þ

which is formally identical to Eq. (15), except that now gopt changes
in time due to both fluctuations in the environmental drivers and
variations in k. This outcome is more general than the previous con-
dition described elsewhere where it was shown that the canonical
form of the optimal solution is maintained for a variable kðtÞ pro-
vided j@k=kj � j@g=gj [47].

The temporal evolution of k is now provided by solving Eq. (5),

dk
dt
¼ � @H

@x
¼ bkðtÞcxc�1; ð19Þ

with initial condition kð0Þ ¼ k0 still to be determined. It is important
to emphasize that the terminal condition for the Lagrange multiplier
is free because the terminal gain has been neglected, while the initial
value of the multiplier can be determined by imposing the condition
that all water is used by the end of the dry period, i.e., x(T) = 0 [16]. In
the following, two cases are considered: water losses not controlled
by plants are independent of soil moisture (c = 0 in Eq. (11)) and lin-
early related to soil moisture (c = 1; these formulations are respec-
tively indicated by dotted and solid lines in Figs. 1–5).

In the first case of uncontrolled losses independent of soil mois-
ture (c = 0), Eq. (19) yields a time-invariant kðtÞ ¼ kð0Þ ¼ k0. In this
case, gopt is also constant, so that the soil moisture balance can be
solved as

xðtÞ ¼ x0 � ðbþ agoptDÞt; ð20Þ

that is, a linear decline of soil moisture in time is predicted. Impos-
ing the condition x(T) = 0, the value of k0 can be obtained,

k0 ¼ caaD
x0 � bT

kT
þ aD

� ��2

; ð21Þ

which mathematically closes the problem (Table 2). Sample trajec-
tories of gopt, k, and x over a single dry-down are shown in Fig. 1
(dotted lines). Because k0 is constant during the dry period, also
the optimal stomatal conductance remains constant. Accordingly,
plants transpire at a constant rate until the available soil water is
completely depleted, similar to the formulations employed by Milly
[77] and Guswa [9] in their stochastic eco-hydrological models. It is
important to emphasize that k0 in Eq. (21) depends on the average
environmental parameters experienced by the plant during the dry-
down; however, environmental fluctuations around these averages
affect the instantaneous optimal stomatal conductance (Eq. (18)).

The effects on k0 of average atmospheric CO2 concentration and
dry period length are explored in Figs. 2 and 3, respectively. Using
this simple model, k0 scales linearly with atmospheric CO2 concen-
tration (dotted line in Fig. 2(A)), consistent with previous studies
that evaluated k0 based on observations [58,64,72,78]. As a result
of this linear relation, however, the model predicts that ca should
not have any effect on stomatal conductance (dotted line in
Fig. 2(B)), whereas a decrease in stomatal conductance has typi-
cally been observed under elevated CO2 concentrations. The value
of k0 also increases with increasing duration of the dry down
(Fig. 3(A)) and increasing vapor pressure deficit, implying that
growing in dry conditions decreases stomatal conductance (dotted
lines in Figs. 3(B) and 4). This result is consistent with observations
of slower water consumption in more arid ecosystems, at least in
perennial species. In the second case, assuming uncontrolled losses
are linearly dependent on soil moisture (c = 1), Eq. (19) provides
the following time-varying kðtÞ (solid line in Fig. 1(B)),

k ¼ k0ebt : ð22Þ

Because b = c/(nZr) > 0, k exponentially increases through time (as
the available water declines). As a consequence, optimal stomatal
conductance now decreases as the drought progresses (from Eq.
(18); Fig. 1(A), solid line),

goptðtÞ ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ca

aDk0ebt

r
� 1

� �
: ð23Þ

Accordingly, solving Eq. (16), soil moisture follows a declining expo-
nential trajectory (Fig. 1(C), solid line),



Fig. 2. Effects of atmospheric CO2 concentration (ca) on (A) the initial value of the
Lagrange multiplier (k0) and (B) the initial optimal soil moisture (gopt). Thick gray
lines refer to solutions obtained for the nonlinear A(ci) curve (Appendix C; note that
gopt for the two models is the same for c = 0). Line dashing and parameters other
than ca are as in Fig. 1; in the nonlinear model, kinetic parameters were chosen to
have under ambient ca a carboxylation efficiency comparable to the value of k used
in the linear model (a1 = 35 mol m�2 s�1, a2 = 400 lmol mol�1).

Fig. 3. Effects of dry-down duration (T) on (A) the initial value of the Lagrange
multiplier (k0) and (B) the initial optimal soil moisture (gopt). Thick gray lines refer
to solutions obtained for the nonlinear A(ci) curve (Appendix C; note that gopt for the
two models is the same for c = 0). Line dashing and parameters other than T are as in
Figs. 1 and 2.

Fig. 4. Effect of vapor pressure deficit (D) on optimal stomatal conductance (gopt),
for different optimization schemes (line dashing as in Fig. 1) and under well-
watered conditions. The inset shows the same curves, but in logarithmic scale to
distinguish the different behaviors at high D. Thick gray lines refer to solutions
obtained for the nonlinear A(ci) curve (Appendix C) Parameters other than D are as
in Figs. 1 and 2.
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xðtÞ ¼ k
b

e�bt x0b
k
þ aDðebt � 1Þ þ 2

ffiffiffiffiffiffiffiffiffiffiffi
aDca

k0

s ffiffiffiffiffiffi
ebt
p

� 1
� �" #

; ð24Þ

which is consistent with observations (e.g., [5,65]). As before, by
setting x(T) = 0, the numerical value of the initial Lagrange multi-
plier k0 can be determined (Table 2),

k0 ¼ 4cak2 1þ ebT � 2
ffiffiffiffiffiffiffi
ebT
p

ðebT � 1Þkþ bx0ðaDÞ�1 : ð25Þ

The k0 increases linearly with atmospheric CO2 concentration, as in
the case of uncontrolled losses independent of soil moisture (solid
line in Fig. 2(A)) yielding the same unrealistic response of stomatal
conductance (solid line in Fig. 2(B)). However, when using the non-
linear A(ci) curve (Appendix C), k0 is found to increase moderately
with ca, reaching a plateau around current ambient CO2 concentra-
tion (solid gray line in Fig. 2(A)). This pattern in k corresponds to
slightly decreasing optimal stomatal conductance throughout the
selected range of atmospheric CO2 concentrations (Fig. 2(B)), but
this decline is smaller than in most observations.

The value of k0 also increases as the length of the dry period in-
creases. This pattern may be interpreted as a shift in water use to-
wards more conservative strategies (low conductance and high k0)
as the expected dry period becomes longer (Fig. 3(A), solid line).
Moreover, for a fixed b (as in Figs. 1–4), the water losses under
well-watered conditions are the same for c = 0 or 1, but in the for-
mer case they remain constant as soil moisture decreases, whereas
in the latter water losses decline linearly as the soil dries. As a con-
sequence, when c = 1 the contribution of transpiration to the soil
water balance is larger and k is expected to be correspondingly
lower (compare solid and dotted lines in Fig. 1). Similar to the pre-
vious case, also dryer air (high D) causes lower stomatal conduc-
tance at a given soil moisture (solid lines in Fig. 4).

By combining Eqs. (22) and (24), it is possible to link k to soil
moisture through the implicit equation,

x ¼ k
b

ko

k
x0b
k
þ aD

k
ko
� 1

� �
þ 2

ffiffiffiffiffiffiffiffiffiffiffi
aDca

k0

s
1�

ffiffiffiffiffi
k
ko

s !" #
; ð26Þ

which has an analytical (but cumbersome) solution kðxÞ that we do
not report for conciseness. Fig. 5 illustrates this relation by plotting
k and soil moisture as time progresses during a dry down, for two
dry-down durations (solid lines). The result that k increases as x de-
creases is consistent with previous theoretical studies [43,44,49,79],



Fig. 5. Lagrange multiplier ðk, upper panels) and optimal stomatal conductance (gopt, lower panels) as a function of soil moisture (time progresses from right to left, as x is
depleted). Left panels: short dry-down of duration of T = 16 d; right panels: long dry-down of duration of T = 32 d (note the different range on the ordinate axes). Line style
denotes different optimization formulations, as in Fig. 1; for the case of non-zero terminal gain, several trajectories are shown for different values of K (in lmol m�2). The thin
solid lines are the envelopes of the terminal states for different choices of K (i.e., the minimum theoretical soil moisture, x(T)); other parameter values are as in Fig. 1.
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semi-empirical formulations linking k to soil moisture [51,52,80],
and empirical estimates of k [53,58,81].

3.1.3. Effect of soil moisture limitation on transpiration
The optimal time trajectories of stomatal conductance and soil

moisture are now computed when transpiration may become soil
moisture-limited, for both formulations for the uncontrolled losses
(c = 0 and c = 1). The transition time t⁄ between the free and soil
moisture-limited regimes can be obtained by setting gopt(t⁄) = gb[-
x(t⁄)], corresponding to the soil moisture threshold
x� ¼ goptðt�ÞmaD=kSR (from Eq. (13)). It is important to emphasize
that the thresholds t⁄ and x⁄ are both dependent on the initial value
of the Lagrange multiplier, which remains undetermined until a
condition on the final state of the system is imposed. When the
system reaches the soil moisture-limited regime, both soil mois-
ture and stomatal conductance are constrained (Eq. (13)), and
the soil moisture equation reads

dx
dt
¼ �agbD� bxc ¼ �jx� bxc; ð27Þ

where j = kSR(nZr)�1. Eq. (27) can be solved for c = 0 or c = 1 to ob-
tain gb(t) (Table 2), and the constrained stomatal conductance is
accordingly found as gb = kSR/(maD)xb = j/(aD)xb. Setting a condition
for the final soil moisture (here x(T) = x0/100) allows finding k0

without determining the whole temporal trajectory of k. In prob-
lems where a final gain is present or no final condition is imposed
on x, the final condition of k is known and k0 can only be found
by integrating Eq. (8). We do not discuss these cases here for
conciseness.

Fig. 6 shows how the optimal stomatal conductance and the La-
grange multiplier change as a function of soil moisture and for dif-
ferent hydraulic properties of the soil-root system, for linear
uncontrolled losses (c = 1). When water transport in the root zone
is inhibited by low conductivity or small root area (low kSR), the
soil moisture-limitations to transpiration become apparent
(Fig. 6(A)). Stomatal conductance decreases more sharply with soil
moisture than without limitations as it becomes constrained by
water supply (compare to Fig. 5), while lower values of kSR cause
larger gopt in well-watered conditions to compensate for the low-
ered water use later in the dry-down. The Lagrange multiplier fol-
lows a pattern similar to the previous cases until the transition to
soil moisture limitation is reached (Fig. 6(B)). Beyond that thresh-
old, however, k decreases sharply. This decrease is shown here for
completeness, but it cannot be readily interpreted from a physical
or biological perspective. In fact, k is equivalent to the marginal
water use efficiency when moisture is not limiting (as can be in-
ferred from Eq. (4)), but under moisture limitation k takes a differ-
ent trajectory due to the added constraint (Eq. (6)). This difference
is highlighted in Fig. 6(B), where the Lagrange multiplier peaks
around the transition point to the soil moisture-limited regime,
whereas the marginal water use efficiency keeps increasing under
moisture limitation. This sharp increase of the marginal water use
efficiency when water availability declines is consistent with
observations [58] and previous theoretical works [43,49,51,79].
The stomatal conductance-soil moisture relations, with the sharp
transition between the two regimes (Fig. 6(D)), also resemble ob-
served patterns [66,82,83] and are consistent with frequently-used
empirical models of transpiration [5].
3.1.4. Variable soil moisture with conservative water use (terminal
gain)

Maintaining some water at the end of an ‘average’ dry-down
could be advantageous to avoid the consequences of water stress
(not implemented explicitly thus far in previous studies) and im-
prove C uptake after rainfall and during the following dry periods.



Fig. 6. Effect of soil moisture limitation on the temporal evolution of (A) optimal stomatal conductance, (B) the Lagrange multiplier, (C) soil moisture, and (D) on the stomatal
conductance-soil moisture relation (all curves refer to the case c = 1). Solid lines indicate trajectories not affected by soil moisture limitation (as in Figs. 1 and 4); dashed and
dotted lines refer to increasingly severe soil moisture limitation (i.e., decreasing kSR). The transition to the moisture-limited regime is marked by circles. Gray lines in B) show
the temporal changes in marginal water use efficiency (WUE), to emphasize the divergence from kðtÞ for t > t⁄. T = 20 d, v = 0.01, and other parameter values are as in Fig. 1.
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For instance, it could be advantageous to save soil water to avoid
cavitation and the associated C costs for the refilling of embolized
xylem conduits [84], avoid metabolic limitations to photosynthesis
[54], and limit the need to shed part of the foliage in response to
drought [42]. Avoiding these costs corresponds to a net C gain that
increases with the amount of soil moisture remaining at the end of
the dry period. The simplest approach to capture this strategy is to
assume that the terminal gain is proportional to the remaining
plant-available water at the end of the dry-down via

JT ¼ KxðTÞ; ð28Þ

where K is a factor expressed in terms of C mass per unit ground
area. Including the terminal C gain in the objective function (Eq.
(1)) alters the boundary condition of the differential equation for
kðtÞ. It can be shown that when a terminal gain is present in a fixed
terminal time optimization, the final state of the Lagrange multi-
plier is given by kðTÞ ¼ @JT=@xjx¼xðTÞ [16,55]. Using the formulation
in Eq. (30) and assuming linear dependence of uncontrolled losses
on soil moisture (c = 1), Eq. (19) can be analytically solved to yield
(dashed line in Fig. 1(B))

k ¼ Kebðt�TÞ: ð29Þ

Accordingly, optimal stomatal conductance can be determined from
Eq. (20) as,

goptðtÞ ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ca

aDKebðt�TÞ

r
� 1

� �
; ð30Þ

in which gopt declines during the dry periods due to changes in k
(dashed line in Fig. 1(A)). The only difference between this formula-
tion and the one constrained to x(T) = 0 (Section 3.1.2) is the tempo-
ral dependence of the Lagrange multiplier and its initial value.
Unlike Eq. (23), where the Lagrange multiplier did not embed any
information on the final state of the soil–plant system, here the
parameter K is a measure of how ‘advantageous’ a conservative
water use strategy is in C units. While the current formulation does
not explicitly link K to measurable stress response C costs, the va-
lue of this parameter may be used to link the long-term plant C
economy to optimal gas exchange at the scale of the dry-down. Fur-
thermore, it can be shown that Eq. (26) still holds in this case, after
imposing that k0 ¼ Ke�bT (from Eq. (29)). Because in this case k only
depends on the terminal gain and the duration of the dry period
(and is independent of ca and D; Fig. 2), stomatal conductance unre-
alistically increases with ca.

The conservative water use strategy shows a qualitatively differ-
ent behavior when compared to the other models, because the
amount of water that is used is ‘adjusted’ to optimally balance C
gains during and at the end of the dry-down. As a consequence,
according to this strategy, it becomes more convenient to use water
faster as the dry-down lengthens, because the contribution of the
final condition decreases compared to the C gain that is accumu-
lated during the period T. This seemingly counterintuitive pattern
is shown in Fig. 3 (dashed lines). Notably, if the final gain K is in-
creased as a function of T, the pattern could be reversed, obtaining
a decrease in optimal stomatal conductance as T increases.

As illustrated in Fig. 4, the sensitivity of stomatal conductance
to vapor pressure deficit for this formulation is lower at low D
and higher at large D than in the previous models (dashed vs. solid
and dotted lines in Fig. 4). Fig. 5 shows how k and g change as a
function of soil moisture for different values of the terminal gain
parameter k Terminal gains comparable to the total C uptake ob-
tained over the duration T of the dry-down are sufficient to intro-
duce significant deviations in the predicted optimal conductance
trajectories, with respect to the case of intensive water use. Larger
gains at the end of the dry-down and longer dry intervals cause
steeper increases in the function kðtÞ as soil moisture decreases,
consistent with empirical findings [58] (see also Section 3.2). How-
ever, even with large terminal gains, the predicted trajectories for k



Fig. 7. Predicted and observed effect of atmospheric CO2 concentration, ca, on (A)
Lagrange multiplier, k0, (B) optimal stomatal conductance, gopt, and (C) optimal
photosynthesis, Aopt, in three contrasting species (a C3 herb, S. Canadensis; a C4 grass,
S. nutans; a conifer tree, P. taeda) grown under different ca. The optimal solutions are
obtained assuming linear uncontrolled losses (Eqs. (23) and (25)); k0 values and
other parameters have been estimated as described in Section 2.5 (see also Table 3).
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tend to increase less steeply than previous leaf-level estimates
[58], suggesting that soil moisture limitations might need to be ac-
counted for (Section 3.1.3; see also the discussion in Section 3.3.2).

3.2. Evaluation of theoretical predictions using existing datasets

Stomatal optimization theories based on the assumption of con-
stant soil moisture and constant marginal water use efficiency (Eq.
(15)) have been tested in various conditions (see Section 3.1.1).
However, estimated k has been found to vary when water avail-
ability is changed. This variability has been interpreted as proof
that stomatal behavior is not optimal [85–87], while we show that
changes in k can be consistent with optimality under certain con-
straints. In this section, theoretical predictions of the relation be-
tween k and atmospheric CO2, and between optimal gas
exchange rates and soil moisture are compared with empirical
evidence.

The predicted k0 for linear uncontrolled water losses (i.e., c = 1
and Eq. (25)) are compared to empirically estimated values in
Fig. 7. The agreement between theory and data is encouraging, also
considering the large variability in the estimated marginal water
use efficiency and the uncertainties in the parameters of Eq. (25).
The assumption that all plant-available soil water is used at any
ca level implies that the optimal stomatal conductance is constant
with respect to ca. This lack of down-regulation is inconsistent with
some observations [75,76], indicating that either the assumption of
constant carboxylation capacity needs to be relaxed, or that this
minimal formulation of the optimization problem might over-
simplify the feedbacks driving plant gas exchange (as discussed
in Section 3.3.3). Despite this lack of sensitivity, the predicted g
is close to the observations in P. taeda, while it is slightly
overestimated and underestimated in S. nutans and S. canadensis,
respectively. Photosynthesis is instead in better agreement with
observations for all species. In contrast to this linear scaling, when
a terminal gain is considered, k is predicted to be independent of ca

(Table 2). We surmise that an intermediate water use strategy
could be expected, explaining the less-than-linear increase of the
k–ca relation that appears for S. canadensis and P. taeda in Fig. 7.
A similarly invariant k with increasing CO2 concentration is found
when the A(ci) function is curvilinear instead of linear, as would be
the case under light limitation [73,88].

The effects of soil moisture on stomatal conductance and photo-
synthesis are explored in Fig. 8, where two sets of gas exchange
data are considered: growth conditions (lower VPD, open symbols)
and altered conditions during measurement (high VPD, closed
symbols). For this analysis we selected the solutions for linear
uncontrolled losses (c = 1) and complete depletion of soil water
with the inclusion of soil moisture limitations (Table 2). The model
is able to predict the observations under both conditions within
95% confidence intervals, when accounting for uncertainty in two
parameters, LAI and the coefficient characterizing water supply
to the roots, kSR. With the chosen parameter values and variability,
the model predicts gas exchange under growth conditions better
than it does under altered conditions, where it tends to underesti-
mate g and A. In both cases, however, the model predicts a sharp
decline of gas exchange rates as soil moisture becomes limiting,
as also apparent from the data.

While a more rigorous validation of the proposed theory is war-
ranted, this uncertainty analysis suggests that, despite its simplic-
ity, the theory is sufficiently flexible to capture observed relations
between stomatal conductance and photosynthesis, and soil mois-
ture. One of the most important parameters to characterize the soil
moisture-limited regime, kSR, is also among the most uncertain, as
it accounts for both soil (hydraulic conductivity) and root proper-
ties (root area density and geometry) that are not readily measured
in typical drought response studies. Also from a theoretical
perspective, determining kSR from measurable parameters is not
simple, because the microscopic features of the root system are
in general not known and thus the definition of a macroscopic
parameter such as kSR may be problematic and requires a priori
assumptions on the specific geometry of the root system [61,89,90].
3.3. Future developments

3.3.1. Stochastic approaches
Accounting for the randomness of rainfall events (in terms of

their timing and amounts) is the most natural extension of the
optimization framework described here. Random rainfall inputs
create a distribution of initial soil moisture states and dry-down
durations that complicate the formulation of the optimal control
problem. Moreover, each dry-down is connected to the previous
ones through the dynamic changes of soil moisture and rainfall.



Fig. 8. Effect of soil moisture, x, on (A) optimal stomatal conductance, gopt, and (B)
optimal photosynthesis, Aopt, in N. oleander grown at D = 0.01 mol mol�1, but
sampled also at D = 0.025 mol mol�1 (data from [66]). Dashed and solid lines
respectively indicate median and 95% confidence intervals based on Monte Carlo
simulations to assess the role of variability in LAI and kSR. Values of k0 and other
parameters have been estimated as described in Section 2.5 (see also Table 3).
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Optimizing stomatal conductance to maximize C uptake during
any sequence of drying-wetting events would become rapidly
unmanageable.

A more meaningful objective function to be maximized under
stochastic conditions, in which rain inter-arrival times and depths
are variable, would be the long-term mean C uptake, rather than
the total uptake realized over a period of finite duration
[9,15,43,44,79,91,92]. Alternatively, the long-term mean water
stress could be minimized, assuming that productivity is inversely
related to the occurrence of water stress events [29,93,94]. Rainfall
events may be described as a Poisson process where the duration
of dry periods (here assumed constant through the parameter T)
follows an exponential distribution [2,5,43,77]. Using this approx-
imation, and further assuming that all rainfall events restore satu-
rated conditions, k has been shown to increase as drought
conditions worsen [43,79]. The model by Cowan [43] considers
competition for water with physical water losses and water-stress
mortality risk as the main drivers of stomatal closure, and k is
determined such that the mean photosynthesis is maximized, pro-
vided that soil water is not completely depleted during a drought.
Mäkelä et al. [79] found that k increases exponentially in time dur-
ing a dry period, but they neglected uncontrolled water losses and
the fact that during each dry period of random duration a different
amount of water is lost from the soil. The only approach that also
accounts for stochastic rainfall depths was proposed by Cowan
[44], but his derivation was not complete [4].
3.3.2. Metabolic and hydraulic limitations
The theory presented here neglects the feedbacks of stomatal

conductance on leaf water potentials and photosynthetic capacity.
As soil dries, the water supply to the leaves decreases; if stomata
do not close in response to such changes in supply, the leaf water
potential may decline to levels that inhibit photosynthetic effi-
ciency [53,54,95]. Albeit less evident than at the leaf scale, these
metabolic limitations appear also at the whole canopy level under
severe stress (e.g., [96]). This feedback causes the carboxylation
efficiency to decrease as water stress progresses, such that oA/og
may become even negative if stomata remain open. Based on this
principle, Williams et al. [97] defined the optimal stomatal conduc-
tance as the point where oA/og = 0, but did not frame this modeling
assumption as an optimal control problem. Including the negative
effect of leaf water potential on photosynthesis has been shown to
decrease the marginal water use efficiency estimated from mea-
sured leaf transpiration and photosynthesis [58], but the conse-
quences of this coupling on the theoretical optimal solutions
have not been investigated yet.

It has also been argued that optimality in gas exchange cannot
be sustained during midday (especially under limited soil water
availability), because hydraulic constraints on water transport in
the xylem become important, especially at low soil moisture
[49,98]. When xylem cavitation limits water supply to the leaves,
it effectively decouples the canopy from the soil water status, thus
requiring additional constraints to the optimization. In particular,
it would be interesting to assess the effects of coordination among
plant hydraulic traits such as xylem and stomatal conductances
(e.g., [15,61]) on the optimal water use.
3.3.3. Elevated atmospheric CO2 concentration
As shown in Figs. 2 and 7, the proposed models fail in capturing

the observed decline in stomatal conductance as atmospheric CO2

concentration increases [75,76,99]. There are several possible
explanations as to why a theory based only on water availability
cannot capture such patterns. First, we neglected the down-regula-
tion of photosynthetic capacity, which has been shown in grass-
land species [99], but not in P. taeda [39], where in fact the
change in stomatal conductance between ambient and elevated
CO2 concentrations is small (Fig. 7(B)). If carboxylation capacity
(k in our framework) declines with increasing ca, the optimal g will
also decline for a given value of the Lagrange multiplier (Table 2).
However, when accounting for the dependence of k on k, the net
effects of down-regulation on the optimal trajectories become less
clear. Future studies based on the derived optimal models will
investigate these patterns.

It has been proposed that under elevated ca plants will be more
frequently light-limited, requiring to use nonlinear A(ci) curves,
where A saturates at high ca [73]. Our analyses highlighted differ-
ent behaviors in the optimal solutions based on the linear (Eq.
(35)) and nonlinear (Eq. (36)) photosynthesis models, as shown
in Fig. 2. However, increasing the nonlinear character of the A(ci)
curve, such as shifting from the C3 to the C4 grass, does not improve
the predictive power of the models (Figs 2(B) and 7(B)). Hence, we
surmise that other constraints may be important to capture plant
responses to elevated atmospheric CO2 concentrations.

Under elevated ca, nitrogen may become a limiting factor, con-
straining photosynthetic capacity and altering allocation patterns
[75,100]. Hence, accounting for nitrogen limitations in the optimi-
zation framework may be necessary [4,101]. Indeed, theoretical
studies have shown that the marginal water use efficiency in-
creases with ca when also nitrogen dynamics are considered [78],
and that plant responses to elevated ca could be predicted using
a coupled water–carbon–nitrogen optimization approach [13].
Moreover, at the leaf level, marginal water and nitrogen use effi-
ciencies are anti-correlated under both ambient and elevated CO2

concentrations [39]. Overall, these results suggest that including
nitrogen availability constraints could improve the predictive
power of the proposed theory.
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4. Conclusions

Plants are hypothesized to maximize their C uptake and thus
growth rate so as to utilize limited resources efficiently and
achieve competitive advantages over other species. C uptake, how-
ever, is constrained by stomatal conductance, which also controls
water losses to the atmosphere. Because water availability in the
soil is limited, stomata are hypothesized to optimally regulate
water losses to maximize C uptake, subject to the dynamic con-
straint imposed by soil moisture balance. Analytical solutions for
this optimization problem are derived for different formulations,
starting from the simplest case where soil moisture changes in
time are neglected, to cases including uncontrolled water losses
(due to physical processes or competition with other plants) and
explicit consideration of water saving strategies (Table 2).

When soil moisture dynamics are neglected, the optimal stoma-
tal conductance formulation derived in previous studies is recov-
ered, where the Lagrange multiplier of the optimization
(corresponding to the marginal water use efficiency, k), remains
an undetermined constant. While this formulation is useful to de-
scribe responses of stomata to rapid fluctuations in the environ-
ment (e.g., VPD) it cannot capture the responses to soil moisture
changes or altered atmospheric CO2 concentrations. Accounting
for the dynamic constraint imposed by soil moisture over a dry-
down overcomes these limitations and provide a time-varying,
optimal stomatal conductance that declines as water availability
decreases, and is sensitive to the water use strategy adopted by
the plant. The marginal water use efficiency is shown to increase
as soil moisture declines, but also to depend on the long-term
CO2 concentration, vapor pressure deficit, and mean duration of
dry periods. In general, more xeric conditions (longer dry periods,
higher VPD, and lower soil moisture) increase k and decrease sto-
matal conductance, consistent with observations. However, plants
grown under elevated atmospheric CO2 are not predicted to de-
crease their stomatal conductance, contrary to observations.

While the proposed set of models allow comparing previous ap-
proaches under the same framework and explain some observed
patterns, several questions remain open for future research. For
example, the lack of sensitivity of stomatal conductance to ele-
vated CO2 concentrations suggests that the proposed water-based
optimality approach may require additional constraints (e.g., nitro-
gen dynamics). Moreover, the feedback of stomatal conductance on
leaf pressure and hence on photosynthetic capacity has been
neglected, while it can have a major impact on the optimality
conditions and predictions. Finally, we focused on an individual
dry-down, therefore neglecting rainfall stochasticity, which intro-
duces distributions of initial soil moisture values and dry-down
durations, linking the previous hydrologic history to the current
plant and soil water status. These remain open questions for future
theoretical developments.
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Appendix A. Stomatal aperture vs. stomatal conductance as the
control variable

This appendix shows that using stomatal conductance g instead
of stomatal aperture u as the control variable does not alter the
modeling results presented in the main text. The most common
formulation to describe the maximum stomatal conductance (de-
noted by gmax and assumed constant at dry-down time scales) is gi-
ven as [40,41,102],

gmax ¼
Bamax

lþ ce
; ð31Þ

where B = dmDs/(ama), dm is the molecular diffusivity of water vapor,
and ma is the molar volume of air, Ds is the stomatal density, amax is
the maximum area of the open stomatal pore, l is the stomatal pore
depth, and ce ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amaxp=4

p
accounts for interference among diffu-

sion shells at the outside end of stomatal pores. Let the actual sto-
matal aperture (u) be given by amaxu, with u = 1 defining fully open
stomata to achieve gmax and u = 0 defining stomata that are fully
closed. Hence, g can now be explicitly linked to aperture u via

gðuÞ ¼ Bamaxu
lþ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pamaxu
p : ð32Þ

It is known that stomata regulate u via ion and sugar exchanges
(partly controlled by ABA concentration) between guard cells and
epidermal cells, which in turn cause the pressure differences driv-
ing stomatal opening [103–105]. It is this regulation of ion ex-
change that determines g at the leaf level. Now, the Hamiltonian
in Eq. (4) must be revised so that u instead of g is the control vari-
able. The necessary condition for optimal control can be written as a
function of the control u (Eq. (4)) as oH/ou = 0. However, considering
the dependence of conductance on aperture yields,

@H
@u
¼ @H
@g

@g
@u
¼ 0; ð33Þ

where og/ou > 0 for all u, because the function g(u) in Eq. (32) is
monotonically increasing. Accordingly, the optimization problem
remains entirely controlled by the oH/og component with og/ou
being divided out. Hence, all the gopt formulations obtained are
robust to the fact that the control variable was assumed to be g
instead of u.

Appendix B. Relation between photosynthesis and stomatal
conductance

An explicit link between photosynthesis and stomatal conduc-
tance can be obtained by coupling diffusion equations for water
vapor and CO2 supplied from the atmosphere through stomata to
a model of the biochemical demand for carbon imposed by photo-
synthesis [31,32]. Employing a representation analogous to Eq. (9)
and again assuming negligible aerodynamic resistance, CO2 diffu-
sion through stomata can be expressed as

A ¼ gðca � ciÞ; ð34Þ

where ca and ci are the atmospheric and leaf internal CO2 concentra-
tions, respectively. To describe the biochemical demand for CO2, a
simplified approach that assumes a linear relation between leaf inter-
nal CO2 concentration and biochemical demand is given as [56–58]

A ¼ kci � r; ð35Þ
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where k is the carboxylation efficiency and r indicates leaf respira-
tion. The effect of light availability on photosynthesis can also be in-
cluded through a dependence of k on incident radiation [56]. A
more accurate description of light limitations could also be em-
ployed, where photosynthesis is limited by either CO2 availability
or light, or is co-limited by these two resources, leading to more
complicated expressions [72,101,106]. While the proposed frame-
work can accommodate any general biochemical demand function,
in the current study we aim at obtaining analytical solutions using
an approximated expression for photosynthesis. Supporting this
line, it has been argued that Eq. (35) may be suitable in most con-
ditions because plants tend to operate at the intersection between
the Rubisco and RuBP regeneration limitation regimes [106]. Recent
studies showed that, at least in some species, the effect of the non-
linearity in the A(ci) curve is relatively small over the range of inter-
nal CO2 concentrations caused by changes in stomatal conductance
during a drought, supporting this simplified relation [47,64].

The optimal solutions are different in light-limited conditions
where the A(ci) curve is less sensitive to changes in internal CO2 than
in Eq. (35), as shown elsewhere [73,106]. The main steps in the der-
ivations for a nonlinear A(ci) curve that would arise when accounting
for light-limitation at elevated ca are reported for completeness in
Appendix C, and results for the linear and nonlinear cases are com-
pared in Section 3. Metabolic limitations of photosynthesis caused
by water stress could also be accounted for by expressing the car-
boxylation efficiency as a function of leaf water potential [95]. Be-
cause leaf water potential depends on the balance of water
supplied to the leaf and evaporated through the stomata, explicitly
including leaf water potential in Eq. (35) would introduce a further
(albeit indirect) effect of g on A (see Section 3.3.2). As a starting point,
this effect is neglected and k is regarded as an externally-imposed
parameter dependent on light availability or temperature, but inde-
pendent of the plant water status or soil moisture. We also neglect
acclimation of k at elevated ca (Section 3.3.3).

Appendix C. Nonlinear A(ci) curve

In this appendix the assumption of linear A(ci) curve (Eq (35)) is
relaxed by adopting a more general nonlinear kinetic equation in
the form (analogous to the equation developed for a single limita-
tion by [107]),

A ¼ a1ðci � cpÞ
a2 þ ci

� r � a1ci

a2 þ ci
; ð36Þ

where a1 is the maximum photosynthetic rate, a2 is the half-
saturation constant, and cp the compensation point. The values of
the kinetic parameters depends on the predominant limitation to
photosynthesis (RuBP regeneration or Rubisco) and might be com-
puted for the case of co-limitation as well [106]. Employing the
same optimization approach used for the linear model, and
neglecting for simplicity compensation point and respiration, the
optimal stomatal conductance is found as,

goptðtÞ ¼
a1

ða2 þ caÞ2
a2 þ ca � 2aDkðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ ca � aDkðtÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ca

aDkðtÞ

r
� a2 þ ca

" #
: ð37Þ

Because the nonlinearity in the photosynthesis equation does
not affect the uncontrolled water losses, kðtÞ is obtained as before
(Table 2). Eq. (37) recovers the result presented previously [64],
where however kðtÞ was considered a fitting parameter.

In the case of constant uncontrolled losses (c = 0), kðtÞ ¼ k0, gopt

is constant, and the soil moisture trajectory remains linear (Eq.
(20)). The relationship between k0 and the other parameters can
be found by setting as before xopt(T) = 0, obtaining,
k0 ¼
a1ða2�caÞþða2þcaÞ ða2þ caÞrþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1þ2a1ða2�caÞrþða2þ caÞ2r2
q� 	

2aD
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1þ2a1ða2� caÞrþða2þcaÞ2r2
q ;

ð38Þ

where r = (x0 � bT)/(aDT).
When uncontrolled losses are assumed to be linear with soil

moisture (c = 1), the Lagrange multiplier and the optimal stomatal
conductance vary through time, resulting in the soil moisture tra-
jectory (found by solving Eq. (16)),

xoptðtÞ¼
a1e�bt

bða2þcaÞ2
ða2�caÞðebt�1ÞaDþx0bða2þcaÞ2

a1

"

þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2caaD

k0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þca�aDk0

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ebt a2þca�aDk0ebtð Þ

p� �#
;

ð39Þ

where the initial value of the Lagrange multiplier for the intensive
water use strategy can be obtained numerically by setting xopt = 0
at t = T. In contrast, for the conservative water use strategy the ini-
tial value of k can be computed as k0 ¼ Ke�bT , thus allowing to use
Eq. (39) without further calculations.

The nonlinearities in the A(ci) curve are expected to predomi-
nantly impact the dependence of gopt and k on atmospheric CO2

concentration [73,106]. To assess these effects, optimal solutions
for the nonlinear photosynthesis model are compared to the
approximated solutions based on linear photosynthesis in Figs. 2–
4.
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